Introduction
Consider a second order, linear, elliptic operator P with real, Hölder continuous coefficients defined on a noncompact, d-dimensional Riemannian manifold Ω.
Consider the generalized principal eigenvalue (without weight) λ 0 = λ 0 (1, P, Ω) := sup{λ ∈ R : ∃u > 0 s.t. (P − λ)u ≥ 0 in Ω}, where 1 is the constant function on Ω, taking at any point x ∈ Ω the value 1.
Using the Krein-Rutman theorem, the author proved in [13, 14] generalized maximum principles and anti-maximum principles (in brief, GMPs and AMPs, respectively) for the problem (P − λ)u λ = f 0 in Ω.
(1.1)
In particular, these GMPs and AMPs (without weight) hold true in nonsmooth, unbounded domains, and for operators with coefficients which may blow up in a neighborhood of infinity in Ω. The GMP in [14] reads roughly that under some 'smallness' conditions on u λ , if λ < λ 0 , and u λ satisfies Equation (1.1), 1 then u λ > 0. On the other hand, the AMP in [14] states roughly that if the functions f and u λ do not grow too fast in a neighborhood of infinity in Ω, and if 1 is a 'small' perturbation of the operator P in Ω, then there exists > 0, which may depend on f , such that u λ < 0, for all λ ∈ (λ 0 , λ 0 + ).
The AMP was discovered by Ph. Clément and L. A. Peletier for a smooth bounded domain Ω in R n [4] (for extensions of this AMP see, [1, 3, 5, 13, 14] ).
For some applications of the AMP, see [6] . The AMP for an indefinite weight function was first proved by P. Hess for smooth bounded domains [7] , and was studied lately in [5] . Recently, a weak AMP was introduced by N. Stavrakakis and F. de Thélin in [16] and independently by the author in [14] . This weak AMP holds in irregular cases where the (strong) AMP is not valid (see [3, 17] ).
In the present paper, we carry out the extension of [14] to the case of indefinite weight functions. In the non-degenerate case, where condition (1.4) holds true, we prove strong and weak AMPs for the problem (P − λW )u = f in Ω, (1.2) where W is a real function which may change sign in Ω and is a 'small' perturbation of the operator P in Ω. We point out that the classes of weights W , functions f , and solutions u for which these AMPs are proved are in a sense optimal (see [14, Example 5.3 and 5.4] ). In particular, our results extend AMPs which were proved before.
The main ingredients of the proofs of the AMPs of the present paper are perturbation theory of positive solutions of elliptic equations [14] and properties of the principal eigenvalue of indefinite weight elliptic problems combined with modifications of the procedures in [4, 5, 7] . Note that by contrast with [4, 13, 14] , the Krein-Rutman theorem is not applicable in the indefinite weight case, and therefore, one needs to replace it by another argument. This approach enforces us to assume that W is a semismall perturbation of both P and P * , and not only of P * as in the case W = 1 (see Remark 5.2).
The main idea of the proof can be outlined as follows. Suppose, that P . It turns out that
where
, Q is a positive operator of rank one, the operators T (µ) are uniformly bounded near µ = µ + , and |T (µ)f | ≤ Cφ + . Since the range of Q is spanned by φ + the AMP follows from (1.3).
Note that instead of the condition f 0, the natural condition for the validity of the AMPs is Ωφ + (x)f (x) dx > 0, whereφ + is the positive solution of the equation (P * − λ + W )u = 0 (see [3] ).
The above approach relies on the fact that the positivity of λ + implies that
A new method is needed in the singular case, where the weight W satisfies
Under the somewhat more restrictive assumption f 0, we prove for the first time AMPs (strong and weak) for the generalized Dirichlet problem in this singular case. It turns out that in the singular case these AMPs hold true at both sides of the generalized principal eigenvalue. The proofs use some ideas from [5] , where AMPs for self-adjoint elliptic problems with weight in a smooth bounded domain are proved.
The organization of the paper is as follows. In Section 2, we collect some terminology, introduce the notions of small and semismall perturbations and discuss some results needed in this paper. In particular, we present the GMP of [14] . In Section 3, we prove the compactness of GW and the AMP in the space B. A weak AMP in a larger Banach space B 0 is proved in Section 3.
Finally, in Section 5, we prove AMPs in the singular case.
Since several steps of the proofs of the AMPs in the nonsingular indefinite case are almost the same as the corresponding parts for W = 1, we omit the proofs of these stages and give the exact references in [13, 14] .
Preliminaries
Let P be a linear, second order, elliptic operator defined in a noncompact, 
where ∂ i = ∂/∂x i . We assume that for every x ∈ Ω the real quadratic form
is positive definite. In case that the coefficients of P are smooth enough, we denote by P * the formal adjoint of P .
We associate to Ω a fixed exhaustion {Ω n } ∞ n=1 , i.e. a sequence of smooth, relatively compact domains such that
Denote the cone of all positive (classical) solutions of the equation P u = 0
in Ω by C P (Ω). If C P (Ω) = ∅, then for every k ≥ 1 the Dirichlet Green function
is an increasing sequence converging either to G Ω P (x, y), the positive minimal Green function of P in Ω, and then P is said to be a subcritical operator in Ω , or to infinity and in this case P is critical in Ω. If C P (Ω) = ∅, then P is supercritical in Ω [8, 10] .
It follows that P is critical (resp. subcritical) in Ω, if and only if P * is critical (resp. subcritical) in Ω. Furthermore, if P is critical in Ω, then C P (Ω) is a one-dimensional cone and any positive supersolution of the equation P u = 0 in Ω is a solution. In this case φ ∈ C P (Ω) is called a ground state of P in Ω.
Subcriticality is a stable property in the following sense. If P is subcritical in Ω and V ∈ C α 0 (Ω) is a real function, then there exists > 0 such that P − µV is subcritical, for all |µ| < [8, 10] . On the other hand, if P is critical in Ω and V ∈ C α (Ω) is a nonzero, nonnegative function, then for any > 0 the operator P + V is subcritical and P − V is supercritical in Ω. 
(Ω) be a real function which may change its sign in Ω. We denote the generalized (weighted) principal eigenvalues by The following notions of small and semismall perturbations play a fundamental role throughout this paper (see, [8, 9, 10, 11] ).
Definition 2.3 Let P be a subcritical operator in Ω and fix x 0 ∈ Ω 1 . Let
(Ω) be a real function.
Remark 2.4 (i)
A small perturbation is semismall [9] .
(ii) If the operator P is subcritical and W 0 is a semismall perturbation of P *
in Ω, then λ + > 0, P − λ + W is critical in Ω, and its ground state φ
Suppose that P is a critical operator and let φ 0 andφ 0 be the ground 
We denote by B = B K the real ordered Banach space
equipped with the norm
The ordering on B and B is the natural pointwise ordering of functions. For the purpose of spectral theory, we consider also the canonical complexification of B and B without changing our notation. Clearly, B ⊂ B and there exists
We consider also the set .
-domain, and let n(x) be the unit outward normal to the boundary. Denote by δ(x) the distance function to the boundary, and let Ω k = {x ∈ Ω | δ(x) ≥ 1/k}. For a Borel set F , we denote by M (F ) the space of all probability measures on F . Let P be a uniformly elliptic subcritical operator with smooth coefficients. Then
for some c > 0 and all x ∈ Ω} ,
be a uniformly elliptic operator with bounded measurable coefficients. Then
for some c > 0 and all x ∈ R d },
, the space of all continuous functions which vanish at infinity.
In [14, Theorem 3.10] the classical GMP was extended to the following GMP of Phragmén-Lindelöf type (see Example 2.13).
Theorem 2.9 Let P be a subcritical operator in Ω. Suppose that
The following proposition deals with the critical case ([14, Proposition 3.11]). Proposition 2.11 Let φ 0 be a ground state of a critical operator P in Ω, and
Then u = C 1 φ 0 , where C 1 is a real constant. In particular, P u = 0.
The following theorem deals with the nonhomogeneous equation. We present existence, uniqueness and integral representation for solutions in B and B 0 . Then there exists a unique solution u ∈ B 0 (resp. B) of the equation Corollary 2.14 Let P be a subcritical operator in Ω and let f ∈ C α (Ω).
Assume that f /φ (f /u) is a semismall (small) perturbation of the operator P * in Ω (for some u ∈ C P (Ω)). Then there exists a unique solution
perturbation of the operator P * in Ω, then for every f ∈ B (f ∈ B) the equation
The following lemma extends Lemma 3.9 of [14] , but the proof is the same.
Lemma 2.15 Let P be a critical or subcritical operator in Ω and let
ψ ∈ C(∂Ω 2 ) be a real function. Let f ∈ C α (Ω * 2 ) be a real function such that Ω * 2 G Ω * 2 P (x, y)|f (y)|dy ≤ Cφ(x) ∀x ∈ Ω * 2 (resp. ∈ B K,φ ∞ ). (2.8)
Then there exists a unique solution v ∈ C(Ω *
2 ) of the equation 
Remark 2.16
The results of this section continue to hold if we suppose that f ∈ C(Ω) and if we consider strong solutions. This follows by a standard approximation argument. We use this observation in the following sections.
AMP and semismall perturbations
Throughout this section, we assume that P is subcritical in Ω and W ∈ C α (Ω), W 0 is a semismall perturbation of P and P * in Ω. Denote by φ + andφ + the ground states of P and P * , respectively, with the positive principal eigenvalue λ + = λ + (W, P, Ω). So,
By Remark 2.4 (iii), Ωφ + W φ + dx > 0. Therefore, without loss of generality, we assume that
Moreover, under the above assumptions, it follows that (φ + W ) ∈ B * , and for
In this section we extend the AMP which was proved in [14] and deals with W = 1, to the case of indefinite weight functions. We first discuss the compactness in B of the appropriate integral operator. (ii) Assume further that W is a semismall perturbation of the operator P in
is also an eigenvalue of (GW) * with the eigenfunctionφ + W . . Thus, φ = cφ + .
Proof: (i)
(ii) Using again Theorem 1.5 in [9] , it follows thatφ + W is an eigenfunction of the compact operator (GW) * with the positive eigenvalue (λ + )
Our main result of this section is the following AMP for solutions in B. 
Then there exists 0 > 0 (which may depend on f ) such that for every λ ∈
where C is a positive constant depending on f and λ.
In particular, if G|f | ∈ B and Ωφ + (x)f (x) dx > 0, then the above AMP holds true.
(Ω) and by Fubini's theorem
It follows that the last statement of the theorem follows from the first part.
We now claim that B admits the following topological direct decomposition
By Theorem 3.1, the operator GW is compact, therefore, the operator GW − µ + I is a Fredholm operator in B with index 0. Hence, R is a closed subspace and by Theorem 3.1,
Therefore, R is complemented in B. It is thus enough to prove that φ + ∈ R.
Suppose to the contrary, that
Apply the functionalφ + W to both sides of (3.3), it follows that
Thus, we arrive at a contradiction. In particular, µ + is algebraically simple.
We omit the remaining parts of the proof which are similar to the corresponding parts of the proof of Theorem 4.2 in [14] .
Weak anti-maximum principle
In Section 3, we proved an AMP for functions in B. In this section we present a weaker version of AMP for solutions u λ ∈ B 0 of the equation
Namely, for every compact K ⊂ Ω and a function f such that G|f | ∈ B 0 , and Ωφ + (x)f (x) dx > 0, there exists > 0 which may depend on K and f such that u λ < 0 in K, for all λ ∈ (λ + , λ + + ). , and φ
We begin with the compactness of the operator GW in B 0 . The proof is similar to the proof of Theorem 3.1 and [14, Theorem 5.1]. 
(Ω) and 
Using the compactness of GW, we obtain that u n → u in B. Thus, u ∈ B,
and P u = f 0, which contradicts Proposition 2.11.
Suppose that u n B → ∞, and consider the sequence v n := u n / u n B .
Then v n satisfies the integral equation
As before, one can extract a subsequence of {v n } which converges in B to a solution v ∈ B of the equation P u = 0 in Ω. It follows that v B = 1. By Proposition 2.11, v = ±φ 0 , so, v n has a definite sign for n sufficiently large.
Since v n ≮ 0, it follows that v n > 0, for n sufficiently large. In particular, v n is a positive supersolution of the operator P − λ n W . On the other hand, by Remark 2.4 (iii), the equation (P − λW )u = 0 does not admit any positive supersolution for all λ = 0, and we arrive at a contradiction. (Ω).
We conclude with a weak AMP for the singular case. Proposition 2.11, v = ±φ 0 , which implies that v n has a definite sign in K for n sufficiently large. It follows from our assumption that v n > 0 in K for n sufficiently large. Using Lemma 2.15, it follows that v n > 0 in Ω, and v n is a positive supersolution of the operator P − λ n W in Ω. But this contradicts the fact that in the singular case, P − λW is supercritical in Ω for every λ = 0.
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